Motivated by many recent constructions of permutation polynomials over F q 2 , we study permutation polynomials over F q 3 in terms of their coefficients. Based on the multivariate method and resultant elimination, we construct several new classes of sparse permutation polynomials over F q 3 , q = p k , p ≥ 3. Some of them are complete mappings.
Introduction
Let q be a power of prime p and F q denote the finite field with q elements. Define F * q to be the multiplicative group of F q . A polynomial f (x) ∈ F q [x] is called a permutation polynomial over F q if the associated polynomial function f : c → f (c) from F q into F q is a permutation of F q [21] . A permutation polynomial f (x) ∈ F q [x] is a complete permutation polynomial over F q if f (x)+x permutes F q as well. In general, for an ǫ ∈ F * q a permutation polynomial f (x) over F q is called a ǫ-complete permutation polynomial if f (x) + ǫx is also a permutation polynomial. Note that if f (x) is an ǫ-complete permutation polynomial then ǫ −1 f (x) is a complete permutation polynomial.
Finding new permutation polynomials and complete permutation polynomials is of great interest in both theoretical and applied aspects. Many constructions of permutation polynomials appeared in the recent years; see for instance [1, 7, 15, 27, 32, 34] . The reader may refer to [21, Chapter 7] , [24, Chapter 8] , [16] and references therein for more information.
Permutation polynomials with few terms are interesting for their simple algebraic forms and have wide applications in coding theory [18] , combinatorial designs [21] , and cryptography [23] . Recently, the multivariate method (a key tool in the proof of Niho's conjecture [12] ) has been used to construct permutation polynomials with few terms. Dobbertin developed the multivariate method [13] to confirm the permutation property of certain types of polynomials over F 2 n . Later on, Ding et al. [10] explored the multivariate method to construct several classes of permutation trinomials over finite fields with even characteristic. Motivated by what Ding et al. did for permutation trinomials in [10] , Li et al. [19] proposed several classes of permutation trinomials over F 2 n . Three more classes of permutation trinomials were given by Ma et al. [22] as well. Recently Bartoli and Zini [5] determined all permutation trinomials of the form x 2p s +r +x p s +r +λx r over F p t when (2p s +r) 4 < p t . Wang et al. [31, 30] presented several classes of permutation trinomials over F q n with characteristic 2 and 3. Furthermore, Bartoli [3] characterized four classes of permutation trinomials over F q 3 in terms of their coefficients in F q , q = p k and p > 3.
Other types of approaches can be seen as applications of the AGW criterion [1] . In particular, polynomials of type
over the finite field F q has been studied earlier by Wan and Lidl [28] , Park and Lee [25] , Akbary and Wang [2] , Wang [29] , and Zieve [36] . A polynomial of the form (1.1) permutes F q if and only if gcd(r, (q − 1)/d) = 1 and x r f (x) (q−1)/d permutes the set µ d of the d-th roots of unity in F q . Many classes of permutation polynomials are characterized using this criterion. For example, using this approach, permutation trinomials over F q 2 from Niho exponents ax s(2 m −1)+1 + bx t(2 m −1)+1 + x, have been characterized; see [14, 15, 11, 35, 20, 9, 33, 6, 26] . In particular, Hou [14, 15] completely determined the permutation behaviors of trinomials with (s, t) = (1, 2) over F q 2 by discussing all possible cases of the coefficients a and b. Tu et al. [26] characterized a class of new permutation trinomials with with (s, t) = (q, 2), q = 2 m , in terms of the coefficients a and b over F q 2 . They proved the sufficiency of the conditions and conjectured their necessity. Then Bartoli [4] proved the necessity using low degree algebraic curves and computational packages such as MAGMA. Hou [17] found a way to prove both directions at the same time.
In this paper, we study permutation polynomials over F q 3 of types as shown in Table 1 . The paper is organized as follows. Section 2 gives some preliminaries on the resultant between two polynomials. In Section 3, by using the multivariate method, a class of complete permutation binomials, three classes of permutation trinomials, four classes of permutation quadrinomials and one class of permutation pentanomials over F q 3 are costructed in terms of their coefficients. The conclusion is presented in Section 4. Some necessary Magma programs are included in the Appendix 5.
Preliminaries
In some of our proofs we will need to investigate the solutions of a system of polynomial equations. In these situation an important tool we use is the resultant of two polynomials. We recall here some basic facts about the resultant. 
Polynomials
References
be two polynomials of formal degree n respectively m with n, m ∈ N. Then the resultant R(f, g) of the two polynomials is defined by the determinant R(f, g) = a 0 a 1 · · · a n 0 · · · 0 0 a 0 a 1 · · · a n 0 · · · 0 . . . . . .
n rows of order m + n.
If deg(f ) = n (i.e., if a 0 = 0) and f (x) = a 0 (x − α 1 )(x − α 2 ) · · · (x − α n ) in the splitting field of f over F q , then R(f, g) is also given by the formula
In this case, we obviously have R(f, g) = 0 if and only if f and g have a common root, which is the same as saying that f and g have a common divisor in F q [x] of positive degree.
For two polynomials F (x, y), G(x, y) ∈ F q [x, y] of positive degree in y the resultant Res(F, G, y) of F and G with respect to y is the resultant of F and G when considered as polynomials in the single variable y (that is, as elements in R[y] with R = F q [x]). In this case Res(F, G, y) ∈ F q [x] is in the ideal generated by F and G, and therefore any pair (a, b) with F (a, b) = G(a, b) = 0 is such that Res(F, G, y)(a) = 0; see e.g. [8, Prop 3.6.1].
Let d be a divisor of q 3 − 1. We denote by µ d = {x ∈ F q 3 : x d = 1} the set of d-th roots of unity in F q 3 .
The classes of permutation polynomials and complete permutation polynomials over F q 3
In the section, we characterize a class of complete permutation binomials over F q 3 , three classes of permutation trinomials, and four classes of permutation quadrinomials and one class of permutation pentanomials over F q 3 in terms of their coefficients over F q . The multivariate method as a very useful tool is applied to prove these new results.
A class of complete permutation binomials
One class of complete permutation binomials is presented over F q 3 in the subsection.
3 . Then
is a complete permutation binomial over F q 3 .
Proof. We will prove that for each a ∈ F q 3 , the equation
has at most a solution in F q 3 . We demonstrate x = 0 if and only if a = 0. Supposing x = 0 is one solution of equation
which is necessary to prove that
has no solution. Setting u = x q−1 implies u q 2 +q+1 = 1. From Eq. (3.4) we have u q = − A u 2 and u q 2 = − A q−2 u 4 . Substituting them into u q 2 +q+1 = 1, we get
which contradicts A is not the q 2 +q+1 3 roots of unity in F q 3 . So f (x) = 0 if and only if x = 0.
If a = 0, we show that Eq. (3.2) has one nonzero solution. Let y = x 3 k , z = y 3 k , b = a 3 k and c = b 3 k , then we obtain the system of equations
Let B = A q , C = A q 2 , then C q = A and through a series of computations of the resultant with ABC = −1 (see 5), we have
Since a = 0, x = 0 is not a solution. If x = a A , then substituting x = a A into Eq. (3.2) gets x = 0, which is impossible, therefore the equation has at most one solution.
Similar computations show that the equation
3 and the claim follows.
is a primitive element of F q 3 and m ≡ ±1(mod 6).
Three classes of permutation trinomials
Three classes of permutation trinomials of the form f (
are given in the subsection. 
is a permutation trinomial over F q 3 .
Proof. We show that for each a ∈ F q 3 , the equation
has at most a solution in F q 3 . We prove x = 0 if and only if a = 0. Suppose that x = 0 is one solution of equation Computing the resultant of f 1 and f 2 with respect for y and recalling that A 3 = −AB − 1, we derive
where α := α(A, B, a, b, c), β := β(A, B, a, b, c). Since a = 0 implies c = 0 , thus x = 0 is not a solution of the above equation and the equation has at most a solution x = − β α . Therefore Eq. (3.10) has at most a solution and we complete the proof.
In the following we present two classes of permutation trinomials with the similar form which have been discussed in [3] , however, the two classes of polynomials that we will discuss next require different restrictions on coefficients.
Proof. As in the previous theorems, we will show that for each a ∈ F q 3 , the equation
has at most a solution in F q 3 . We prove x = 0 if and only if a = 0. Supposing x = 0 is one solution of equation
Setting u = x q−1 implies u q 2 +q+1 = 1. It is necessary to prove that
has no solution. From Eq. (3.22) we deduce u q = − C u 2 +Au and u q 2 = (u 2 +Au) 2 A(u 2 +Au)−C . If u 2 +Au = 0, then since u = 0 and substituting u = −A into Eq. (3.22) leads to C = 0, which is a contradiction. If A(u 2 + Au) − C = 0, then we obtain u = −A, which is impossible.
Note that u q 2 +q+1 = 1 we have
If a = 0, we show that Eq. (3.20) has one nonzero solution. Let y = x q , z = y q , b = a q and c = b q , then we obtain the system of equations
Eliminating z by (3.24) and (3.25), we have
Furthermore, by Eqs. (3.24) and (3.26) we get
Computing the resultant of f 1 and f 2 with respect for y and recalling that C 2 = C − 1, we deduce
where α := α(A, C, a, b, c), β := β(A, C, a, b, c). Since a = 0 which implies c = 0 , thus x = 0 is not a solution of the above equation. If Cx − a = 0, then plugging x = a C into Eq. (3.20) derives −A 3 = 1, which is a contradiction. Hence the above equation has at most a solution x = − β α . Therefore Eq. (3.20) has at most a solution and we complete the proof.
has at most a solution in F q 3 . When a = 0, we need to prove that f (x) = 0 has the unique solution x = 0. Suppose that x = 0 is one solution of equation
Setting u = x q−1 implies u q 2 +q+1 = 1. In the following we verify
If a = 0, we show that Eq. (3.27) has one nonzero solution. Let y = x q , z = y q , b = a q and c = b q , then we obtain the system of equations
Eliminating z by (3.31) and (3.32), we have
Furthermore, by Eqs. (3.31) and (3.33) we get
which is a contradiction. Therefore the above equation has at most a solution x = − β α and thereby Eq. (3.27) has at most a solution and the proof is completed.
Four classes of permutation quadrinomials
In the subsection, we propose four classes of permutation quadrinomials of the form f (x) =
Proof. We prove that for each a ∈ F q 3 , the equation
has at most a solution in F q 3 . We first show f (x) = 0 only has a solution x = 0. Assume that x = 0 is one solution of equation
It is necessary to prove that
has no solution. From Eq. (3.36) we have u q = − Bu+C u 2 +Au and
, which means that Bu + C = 0 or u q + A = 0, from the two equations we also obtain AB − C = 0, which is not possible.
Since u q 2 +q+1 = 1 and AB = C 2 − C + 1, we deduce
from the above discussion we obtain u = 0, u = −A and u = − C B are not solutions of Eq. (3.37), therefore we have
which contradicts m A,B,C (u) = 0 has no solution in µ q 2 +q+1 and hence f (x) = 0 has a unique solution x = 0.
If a = 0, we show that Eq. (3.34) has one nonzero solution. Let y = x q , z = y q , b = a q and c = b q , then we obtain the system of equations
Eliminating the indeterminate z by (3.38) and (3.39), we have 
Computing the resultant of f 1 and f 2 with respect for y and simplifying the resultant with AB = C 2 − C + 1 obtains 
has at most a solution in F q 3 . We prove x = 0 if and only if a = 0. Suppose that x = 0 is one solution of equation
If u 2 + Bu + A = 0, then from Eq. (3.43) we have C = 0, which is impossible. If −A(u 2 + Bu + A) 2 + BC(u 2 + Bu + A) − C 2 = 0, then using the equation A 3 = ABC − AB − C 2 + C − 1 and we obtain
Raising Eq. (3.44) to the q-th power gets Since A 3 + AB + 1 = 0 and therefore Eq. (3.44) has no solution, which means −A(u 2 + Bu + A) 2 + BC(u 2 + Bu + A) − C 2 = 0. By u q 2 +q+1 = 1 we deduce
Since C = 0, we have u 2 + Bu + C = 0 and A 3 − ABC + AB + C 2 − C + 1 = 0,
Raising Eq. (3.46) to the q-th power results in
(3.47) Combinging Eqs. (3.46) and (3.47) and A 3 = ABC − AB − C 2 + C − 1, we derive Proof. We prove that for each a ∈ F q 3 , the equation
has at most a solution in F q 3 . We demonstrate f (x) = 0 only has a solution x = 0. Suppose that x = 0 is one solution of equation 
If Au 2 + Bu + 1 = 0 implies C = 0 from Eq. (3.54), which is a contradiction since C = 0. Furthermore, if (Au 2 + Bu + 1) 2 − BCu(Au 2 + Bu + 1) + AC 2 u 2 = 0, then we obtain Note that u q 2 +q+1 = 1 and A 3 = ABC − AB − C 2 + C − 1, we derive
Since C = 0, hence u 2 + Bu + A = 0 and
Raising Eq. (3.57) to the q-th power gets
Combining Eqs. (3.57) and (3.58) results in We compute the resultant of f 1 and f 2 with respect for y and recall that A 3 = ABC − AB − C 2 + C − 1,
where α := α(A, B, C, a, b, c), β := β (A, B, C, a, b, c) . Since a = 0, hence x = 0 is not a solution of the above equation.
If C 2 x 2 + bBCx + b 2 A = 0, then by B 2 = 4A we have x = − bB 2C . Substituting x = − bB 2C into Eqs. (3.59), (3.60), (3.61) and eliminating b, c with A 3 = ABC − AB − C 2 + C − 1, we deduce
Since A = 0 and r 1 (A, C) = 0, we obtain a = 0 which contradicts a = 0. Therefore Eq. (3.51) has at most a solution and the proof is completed.
Let
has no roots in µ q 2 +q+1 , λ i = λ i (A, B, C), i = 1, 2, 3, 4, (see Appendix 5) . Then
has at most a solution in F q 3 . We demonstrate x = 0 if and only if a = 0. Assume that x = 0 is one solution of equation . Note that u 2 + A = 0, substituting it into Eq. (3.64) obtains AB 2 + C 2 = 0, which is a contradiction. If (Bu + C) 2 + A(u 2 + A) 2 = 0, then we obtain
(3.65) Raising Eq. (3.65) to the q-th power gets Note that u q 2 +q+1 = 1, we obtain
Since AB 2 + C 2 = 0, we get u 2 + A = 0 and by A 3 
Raising both sides of the above equation to the q-th power results in Computing the resultant of f 1 and f 2 with respect for y and recalling that A 3 = A 2 B − AB 2 − C 2 + C − 1, we derive A, B, C, a, b, c) . Since a = 0, which means x = 0 is not a solution of the above equation. If AB 2 x 2 + (Cx − a) 2 = 0, since −A is a square, then replacing A with −A 2 we have x = a AB+C or x = − a AB−C . Substituting x = a AB+C into Eqs. (3.68), (3.69), (3.70) eliminates b, c, we have
. Because A = 0, 1 and r 1 (A, B) = 0, hence we have a = 0, which is a contradiction. Similarly, we can discuss x = − a AB−C is also not a solution of the above equation. Therefore Eq. (3.62) has at most a solution x = − β α and we complete the proof.
A class of permutation pentanomials
In the subsection, we give a class of permutation pentanomials of the form f (x) = x q 2 +q−1 +
has no roots in µ q 2 +q+1 , λ i = λ i (A, B, C, D), i = 1, 2, 3, 4, (see Appendix 5) . Then
has at most a solution in F q 3 . We demonstrate x = 0 if and only if a = 0. Assume that x = 0 is one solution of equation 
If u 2 + Bu + A = 0, then substituting it into Eq. (3.73) gets AC 2 − BCD + D 2 = 0, which is a contradiction. If (Cu + D) 2 − B(Cu + D)(u 2 + Bu + A) + A(u 2 + Bu + A) 2 = 0, then we obtain
(3.74) Raising Eq. (3.74) to the q-th power gets Note that u q 2 +q+1 = 1, we obtain
Since AC 2 − BCD + D 2 = 0, we get u 2 + Bu + A = 0 has no solution and using A 3 
Raising both sides of the above equation to the q-th power leads to Computing the resultant of f 1 and f 2 with respect for y and recalling that A 3 = A 2 C + ABD − AB − AC 2 + BC − D 2 + D − 1, we have Because C = 0 and AB − 3BC + 2C 3 + 2 = 0, hence we have a = 0, which is a contradiction. Therefore Eq. (3.71) has at most a solution x = − β α and we complete the proof. Despite that there are many conditions on these coefficients in several of the previous theorems, these conditions can be easily checked by using computer programs. In Table 2 , we provide some explicit classes of permutation polynomials as examples to demonstrate the previous theorems. 
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Conditions Theorems
x q 2 +q−1 + 3x q = 7 k , k is a integer Theorem 3.1 x q 2 −q+1 + 2x q 3 −q 2 +q + 3x q = 5 k , k is a integer Theorem 3.3 x q 2 +q−1 + 2x q 2 + 4x q = 13 k , k ≡ 2 (mod 3) Theorem 3.4 x q 2 +q−1 + 2x q + 3x q = 7 k , k ≡ 2 (mod 3) Theorem 3.5 x q 2 +q−1 + x q 2 + 2x q + 3x q = 5 k , k ≡ 2 (mod 3) Theorem 3.6 x q 2 +q−1 + x q 2 −q+1 + 4x q 2 + 2x q = 5 k , k ≡ 2 (mod 3) Theorem 3.7 x q 2 +q−1 + x q 3 −q 2 +q + 2x q + 6x q = 11 k , k ≡ 2 (mod 3) Theorem 3.8 x q 2 +q−1 + 3x q 2 −q+1 + x q + x q = 11 k , k is a integer Theorem 3.9 x q 2 +q−1 + 4x q 2 −q+1 + x q 2 + 2x q + 3x q = 5 k , k ≡ 2 (mod 3) Theorem 3.10
Conclusion
By using the multivariate method, we construct a class of complete permutation binomials with the coefficient over F q 3 , several classes of permutation trinomials, permutation quadrinomials and one class of permutation pentanomials in terms of their coefficients in F q . Their permutation properties are proved by using the resultant elimination method which is a useful tool in this paper.
Appendix
In this section, we list some necessary MAGMA programs used in the proofs of the results in the previous sections and some equations.
Firstly, we introduce a "Substitution" function [3] which will be applied over and over again. 
